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A combinatorial optimization model for 
transmission of job information 
through contact networks 
Scott A. Boorman 
Professor of Public P o l ~ c y  and Economics 
University of Penns~lvania  

A combinatorial network model is constructed to describe the 
information structure of job jinding in a homogeneous job mar- 
ket. A fundamental distinction is draw$n between strong and 
weak contacts: strong contacts are assumed to have strict prior- 
ity as recipients of information about the existence of job va- 
cancies, while maintenance of a given strong contact requires 
more time than does maintenance of a weak contact. Facing a 
limited time-budget, each individual confronts a tradeoff be- 
tween these two possible ways of investing time. In the model 
presently investigated, each individual is assumed to develop his 
contacts so as to maximize probability of getting some new job 
in the event that he loses his present job. Concepts of both 
stability and optimality are dejined. It is found that if the proba- 
bility of becoming jobless is low ( p  <C I ) ,  then a situation where 
all individuals choose only weak ties ("all-weak network") will 
be stable and will be a Pareto optimum under the maximizing 
behavior assumed. Also, all-~iseak networks are the only Pareto 
optima in this case. For p near 1,  a different situation obtains: 
now networks containing only strong ties will be stable and 
all-weak networks will be unstable. In this second limiting case, 
however, stability and optimality do not coincide: all-strong 
networks are not Pareto optimal. 

1. Introduction One of the classical distinctions in organization theory is that 
between "formal" aspects of complex organizations (tables of 
organization, spans of control, pay grades, and so on) and the 
more shadowy "informal" aspects (information and friendship 
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networks, word-of-mouth traditions, and informal procedures, 
etc.).' The formal aspects of organization have been the subject 
of a number of models explicitly introducing optimization ideas.2 
Models of this type typically take the point of view of a manager 
and investigate how he may maximize some objective function 
expressed in terms of profits or ~ u t p u t . ~  By contrast, the more 
informal aspects like contact networks have remained virtually 
without exception in the province of descriptive and structural 
models, insofar as they have received attention from model- 
builders at all.4 

There are a number of reasons for this contrast. First, there 
has been a historical tendency to associate informal social struc- 
ture with nonrational human behavior-i.e., behavior which 
does not readily admit reduction to maximizing or even to 
satisficing concepts of rationa1ity.j Insofar as this association is 
valid, it is obviously not appropriate to treat structures such as 
contact networks as the outcomes of rational choice procedures. 
But there is a less sweeping, more realistic version of essentially 
the same view. This is the understanding that many contacts 
originate and are maintained for reasons unconnected with any 
narrow model of rationality within any single organization or 
market-contact networks may in some broader sense be the 
outcome of maximizing behavior, but this behavior may incor- 
porate very diverse personal preferences and objectives. 

Secondly, the informal aspects of formal organization are 
almost by definition those aspects which are not readily 
quantified in terms of the kind of data which the organization 
generates about itself-tables of organization, official promotion 
and pay schedules, and so forth.6 Contact networks again serve 
to illustrate the point. Even the most primitive quantitative 
description of such networks demands great ingenuity and per- 
sistence, often forcing the empirical investigator to cut across 
well-established organizational and institutional boundaries.' 
From this standpoint alone, it is easy to see why the asking of 
optimization questions has often been deferred as a task 
significantly beyond the reach of existing data or tools of 

' For a statement, see Blau and Scott 181, pp. 5-8. 89ff.; also March and 
Simon [47]. Much awareness of the strength and extent of informal organizations 
within formal ones may be traced to the classical study on the Hawthome plant 
of Western Electric (Roethlisberger and Dickson [57]). One unfortunate conse- 
quence of this heritage has been a heavy emphasis on the structure and pel-for- 
mance of small work groups (see Glanzer and Glaser [26, 271). often to the 
exclusion of studying less localized aspects of informal organization such as 
contact networks within a profession (see also Katz [33]). 

' S e e ,  for example. the hierarchy models of Williamson [78] and the team 
structure models of Marschak and Radner [48]. See also Mirrlees 1491. 

3 e e  Arrow [I , 41. 
-' See, for example White [69,73] and Lorrain and White [44] for algebraic 

role models and Coleman. Katz, and Menzel [I91 for models involving diffusion 
of innovation. 

See Simon [601. 
"ee also Stedry [62]. 
' See Phillips 1531. OPTlhf A L  

A sophisticated example of the empirical study of contact networks is TRANSMISSION 
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FIGURE 1 
A CONTACT NETWORK 
INVOLVING BOTH STRONG 
AND WEAK TIES (DEPICTED 
BY SOLID AND DASHED 
LINES, RESPECTIVELY). 
TlES AS SHOWN ARE 
ASSUMED SYMMETRIC. 
INOIVIOUALS ARE DENOTE0 
BY LETTERS A, B, C.. . . . ETC. 
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The present paper attempts to make a bold jump over these 
difficulties. Its purpose is to show that at least some parts of 
informal organizational structure may be modeled from an op- 
timization standpoint similar to that customarily reserved for the 
analysis of formal structures. Specifically, we report the results 
of analyzing a new model designed to describe certain optimality 
and stability properties of individual contact networks. The 
model is theoretical and is correspondingly idealized. In barest 
outline, the model may be seen as the outcome of combining 
certain recent empirical ideas in the theory of social networks, 
in particular as suggested by the work of White and Granovet- 
ter, with familiar ideas drawn from economics and n-person 
game theory, particularly Nash equilibria and allied  concept^.^ 

Throughout the present paper, the emphasis is exploratory, 
and no attempt is made to obtain conclusions in maximum 
generality. In particular, the present model will address only a 
one-stage communications problem, so that the consequences of 
relaying job information through one or more intermediaries 
("chaining effects") will not be considered. Instead, the focus is 
on illustrative calculations which reveal new ideas even in the 
one-stage case. Throughout, the theme is the way in which both 
economic and network ideas may be played off against one 
another, with results obtained which depend crucially on con- 
tributions from both traditions. 

Consider a social network in which symmetric binary ties 
connect individuals in fixed population. Throughout the model, 
ties will be conceived as being of two basic types, strong and 
vt,eak, and the description of the system at any cross section in 
time may be depicted as a multigraph. (See Figure l).1° Hence- 
forth, the terms "tie" and "contact" will be employed inter- 
changeably. The status of the symmetry assumption will be 
reviewed later. 

Both the substance and terminology of the strong-tie/ 
weak-tie distinction were suggested by work of Granovet- 
ter, which in turn is largely based on a particular empirical 
sample-survey study of job-mobility. However, the present 
model is not directly applicable to Gransvetter's findings, 
and we shall defer discussion of these findings until the end. 

In the present model, each individual is seen as allocating a 
fixed amount of time T to the maintenance of his different 
contacts. Within the very simple environment of the model, 
there is one and only one value to maintaining contacts: indi- 

methods drawn from hierarchical clustering and multidimensional scaling, as  
well as blockmodel ideas of White 1751 and White. Boorman. and Breiger [77]. 
Earlier discussions are Katz [33.34]; see also Bernard [5,6] following up Cole- 
man [18]. Relevant work by historians includes Namier [51] and Syme [65]. 

White (e.g., [70,74] has been a strong exponent of the view that informal 
networks often have little respect for formal organizational boundaries, and that 
for this reason single organizations are particularly ill-chosen units in the 
analysis of job mobility. 

" See Luce and Raiffa [46J and Section 3. 
"'The present paper will not use graph theo1.y as such except in a trivial 

sense. and use of graph-theoretic terminology uill therefore be kept at a 
minimum. For a reader not familiar with graph concepts, a good introduction is 
Liu [43]. 



viduals are constantly threatened with the possibility of losing 
their present jobs, and unemployed individuals may employ 
contacts to obtain information about the existence of vacant 
jobs. 

The basic interpretation of the present model is therefore as 
a description of the acquisition and transmission of job intelli- 
gence through personal contacts; some alternative interpreta- 
tions are also possible and some of these will be noted in passing 
(e.g., intelligence-gathering iil a housing market). Specifically, if 
a particular individual hears of the existence of a vacant job, and 
is not presently in need of this job himself, he is assumed to pass 
this information to his contacts. There is a priority rule (stated in 
Section 2) which gives strong ties absolute preference over weak 
ties in transmission of job information. The distinction between 
stroag and weak ties will therefore have qualitative as well as 
quantitative elements. 

Given a situation of the kind described, one may ask several 
basic kinds of questions (each admitting a number of different 
formulations): 

(1) What network structures are optimal in the Pareto sense, 
i.e., cannot be altered to another structure in which no 
individual is worse off (as measured by probability of 
getting a new job if unemployed) and some individual is 
better off? 

(2) What network structures correspond to stable equilibria, 
in the Nash point sense that no individual will be moti- 
vated to alter his allocation of ties, taking everyone else's 
behavior as parametric?" 

(3) What (if any) is the relation between the Pareto optima of 
(1) and the stable equilibria of (2)? 

Below, we shall investigate these questions within a simple 
conlbinatorial setting. Section 2 sets up the combinatorics, dis- 
cusses assumptions, and states a restricted version of the op- 
timum problem (1). Section 3 formulates local stability condi- 
tions which are based on an adaptation of the Nash equilibrium 
concept. Section 4 summarizes the results of numerical studies 
of the behavior of the system, considering both optimality and 
stability. The results obtained here are an illustration of the 
power of on-line computer methods as an aid in the theoretical 
analysis of nonlinear problems. Section 5 next deals analytically 
with the mathematical behavior in two limiting parameter cases 

" Recall the formal definition of a Nash equilibrium point (Luce and Raiffa 
[46], p. 171): 

Let (t , , t  2,. . . , t , ,)  denote an 11-tuple of strategies in a given n-person game. Let 
M , ( t i . t  2.. . . , t , ,)  be the utility to the ith player of the outcome from the strategy 
vector (t  ,,..., t,,). Consider a given strategy vector (s,,s ,,.... J,,). Then this strategy 
vector is an equilibrium for the given game in the sense of Nash if no player may 
benefit by changing his strategy with the strategy of all other players held fixed, 
i.e.,  if 

M,(sl.s2 ,..., J ,,... s,,) )- M , ( J , , s ~  ...., 1. s,,) 

for all strategies ri available to the ith player. OPTIM.4L 

See Luce and Raiffa [46], pp. 170-173, for a discussion of the existence and TRANSMISSION 
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2. Statement of 
the model 

corresponding respectively to low and to high rates of becoming 
unemployed (p + 0, p + 1 ,  respectively). The same section 
also gives a brief discussion of alternative individual objective 
functions. Finally, Section 6 suggests further developments, in- 
cluding a summary discussion of the work of Granovetter al- 
ready mentioned. 

Throughout the present model, as in many other network 
models, formidable difficulties arise when one attempts to deal 
in generality with networks of arbitrary topology. As will not be 
surprising to researchers familiar with network problems, wr 
shall therefore conduct most of the actual investigation in a 
highly restricted context, specijcally, under the assumption that 
all or almost all individuals behave in the same way with respect 
to number of strong and  leak ties chosen. (There will be a few 
exceptions to this restriction where we do work in greater gen- 
erality, in particular in the Pareto optimality analysis of the 
all-weak-ties extreme, as in Section 5). From a formal stand- 
point, this assumption amounts to considering only networks of 
constant local connectivity. The constant-connectivity assump- 
tion is actually much weaker than assumptions often made in the 
treatment of network problems; in particular, the present 
analysis involves no restriction to network configurations based 
on regular Euclidean lattices, which would obviously be a highly 
artificial restriction in the present context (in this connection, 
the planarity of the network shown in Figure 1 should be noted 
as inessential). 

While obviously a very substantial simplification from a gen- 
eral topology, the class of networks just defined retains the 
essential property that it allows a full range of cases inter- 
mediate between the extremes where all ties are strong and 
where all ties are weak. In fact, as we shall see shortly, the 
indicated restriction can be employed to obtain a one-parameter 
description of this range of intermediate cases, so that almost all 
of the analysis may be developed in terms of functions of a 
single variable. 

H Assume that each individual in the system has the same fixed 
amount of time T > 0 which he individually allocates between 
strong and weak ties. Let 1 be the (numkraire) time unit required 
to maintain a single weak tie, and let A > 1 be the corresponding 
amount of time required to maintain a single strong tie. It will be 
assumed that no single individual may be both a strong crr~d a 
weak tie of ego; the two roles are hence mutually exclusive. In 
the assumed absence of additional competing demands on time, 
it will always be optimal for each individual to use completely 
his entire time budget. One therefore assumes that 

for each individual.12 We shall also refer to the ordered pair 
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(i.e., that the total available time is a multiple of the numeraire). As long a s  
T P I this is a reasonable assumption. 



(S, W) as an individual's s tm tegy .  No account will be taken of a 
labor-leisure margin in determining T, or of individual differ- 
ences affecting T or A .  Henceforth, in fact, we shall consistently 
take both men and jobs to be without distinguishing individual 
features. l 3  

Although not nearly so strong as the uniformity requirement 
stated below, (1) already rules out certain kinds of irregular 
networks, in particular, networks where two individual 
strategies (S,, W,). (S,, W,) have S, s S, and W, s W, with at 
least one inequality holding strictly (compare the positions of J 
and L in Figure 1). 

For later purposes, it will also be convenient to define a 
parameter p ,  0 G p s 1, so that 

1 - ,6 may then be interpreted as the fraction of T which is 
allocated to maintenance of weak ties. 

Next, introduce two parameters p and 6 which describe the 
prevailing employment situation: 

p = probability that any given individual will need a job in any 
given time period (time assumed discrete, t = 0, 1 ,  2 ,  . . .). 

6 = probability that an individual hears directly of a vacant job 
in a given time period. 

Both p and 6 are assumed to apply to the situation of each 
individual, so that we are again ignoring individual differences; 
also, the values of both parameters are assumed to be common 
knowledge of all individuals in the system. (This is by no means 
a weak or trivial assumption.)'" 

As is clear from both definitions, time is taken to be discrete. 
Actually, this specification is somewhat misleading, since we 
shall introduce no full dynamics15 and shall really be engaged 
only in stability analysis and comparative statics (except very 
briefly in a rather specialized connection in Section 5 ) .  

Next. a kind of one-to-one assumption will be made with 
respect to initiation of direct information on vacancies. 

0ne;job-one-inj'ormnr~t ~ s s z~mpt io r~ :  Each person may hear 
directly of at most one vacancy in any time period; each va- 
cancy is known directly to one and only one person. 

This assumption is not fundamental to the development of 
the theory, but its adoption greatly simplifies the combinatorics. 

l 3  Thus contrast mobility models in the '.moverstayer" tradition of Blumen, 
Kogan. and McCarthy 191 or  stratified job models of White [70]. 

l 4  See, for example, F~iede l l  1241 and Arrow [ I ] .  Leijonhufvud 1401 has 
forcefully suggested that absence of accurate and up-to-date overall information 
may be a basic factor influencing the course of many economic situations 
involving disequilibrium. In particular, he suggests that failure of individual 
entrepreneurs to decrease prices in the face of declining effective demand may 
result from ignorance of relevant macroscopic parameters summarizing this O P T I M A L  

TRANSMISSION 
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The first part of the assumption is readily justified as long as 
6 < 1 ,  as is plausible in many white-collar job market settings 
(note, that 6 is really a rate having dimensions [TI-l, and there- 
fore cannot be defined independently of the prevailing time 
unit). 

The second part of the assumption is perhaps less generally 
acceptable. It is most reasonable in circumstances where the 
incumbent of a particular job knows that he is about to leave 
somewhat before his move actually occurs and thus before the 
existence of a vacancy is public knowledge. This is again a 
reasonable assumption in many white-collar situations; there is 
also an analogy to the structure of a housing market in which the 
only person to know directly of an imminent vacancy is the 
pastipresent occupant (in fact, much of the present model admits 
an alternative interpretation in housing market terms). The sec- 
ond part of the assumption may also be justified in a different 
way if there is a single "job-controller"l%ho is the only indi- 
vidual to know directly of a vacancy or a new job (this might 
happen if the former occupant has left the system entirely).17 

We have now completed the basic parameter description: our 
fixed parameters will be (T, X, 6, p), to which will later be added 
the parameter S given by the common strategy choice under the 
uniformity assumption, stated below. 

I t  remains to describe the dynamics of job information and 
assignment in any particular time period. In this connection, a 
qualitative differentiation between strong and weak ties will be 
imposed, through adoption of the following hierarchical priority 
rule (see also Figure 2(a) below): 

Priority rule: (a) If a given individual ("ego") needs a job, 
and hears directly of a vacancy, he takes it;lR 

(b) If ego does not need it himself, he reviews his strong 
contacts and their needs; if any of these strong ties needs a job, 
ego allocates the job at random to one of these contacts; 

(c) If none of ego's strong contacts needs the job, the alloca- 
tion rule (b) is repeated using ego's weak instead of his strong 
contacts. 

Note that in ' the present formulation there is no assumed 
difference between merely hearing of a job, and actually having 
the power to assign this job. Since the latter is what we are 
interested in, 6 should be interpreted in terms of power to 
assign, rather than mere acquisition of information. 

Ifi Terminology from White 1701. 
" Friedell [ 2 5 ]  provides an intriguing example of an interpretation of this 

second kind where the one-job-one-informant assumption fi~ils. Specifically. 
F~iede l l  argues that the actual structure of complex organizations is more appro- 
p~iately modeled by an upper semilattice than by the familial. organization tree. 
The most important generalization in passing from trees to upper semilattices is 
that in the latter structures individuals may possess riiore t l i r o ~  orie immediate 
superior ("supervisor"). In a case like this. one would expect both (or all) 
supe~iors  to acquire vacancy information directly, and the one-job-one-informant 
assumption fails accordingly. 

lH We shall employ the convenient tern1 "ego" to describe an arbitrary 
??Z ' SCOTT 4. B O O R V A N  individual whose point of view is being taken. 



Note also that the present rule does not exclude the possibil- 
ity that a vacancy may exist for more than one time period. In 
particular, this will happen if there is no demand for the vacancy 
under any of clauses (a)-(c). Also, it is perfectly possible that a 
single individual may find himself offered two or more jobs, in 
which case one or more of the jobs will again go unfilled on a 
one-man-one-job assumption. 

On the basis of the priority rule as given, we may now 
calculate the probability that any man who needs a job, but who 
does not hear of a vacancy directly, will nevertheless get a job 
through the agency of his contact network. This is the probabil- 
ity which we shall later seek to maximize, both at the individual 
and at the group level. Prior to embarking on formal calcula- 
tions, however, we first make explicit the uniform-connectivity 
assumption discussed at the end of the introduction. 

Uniformity of individual strategies: All individuals (with the 
possible exception of ego) choose the same strong-weak tie 
allocation (S, W), i.e., will have the same p as given from 
(2)-(3). 

This uniformity postulate will remain in effect until Section 5 
below, where it will be briefly removed in connection showing 
the global optimality of an all-weak-ties network if p is small. 

Call cinform any network satisfying the uniformity assump- 
tion. It is not obvious a priori that a uniform network will exist 
for any particular choice of (S, W) satisfying (1); this problem is 
closely related to that of the existence of k-connected graphs.lg 
In fact, however, this problem of formal existence is of minor 
consequence if the population is sufficiently large, and we shall 
not pursue it here. Also, more than one distinct (in fact, 
nonisomorphic) uniform network will in general exist for any 
given (S, W) pair. This nonuniqueness is, however, completely 
inessential from the present standpoint, since S and W are the 
only relevant network parameters we shall need (at least under 
the outbreeding assumptions discussed below). For this reason, 
it is permissible to speak loosely of "the" all-strong, "the" 
all-weak, etc., network, even though strictly speaking there is 
more than one network satisfying such a characterization. 

Now let P be the probability that a needy (i.e., imminently 
unemployed) individual will get a job through contacts. One may 
write P as 

where 

- probability no job is obtained through strong ties; 
QlT7 = probability no job is obtained through weak ties. 

We shall later discuss alternative target functions. For the mo- 
ment, we note one very important property of P, which will 
emerge shortly, namely, that it may be fully evaluated for any 
individual in a given network by rising only parameters .su*hich 
are in principle directly observable. There will thus be no pos- O P T I M A L  

T R A N S M I S S I O N  
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tulation of utility functions whose specification remains indeter- 
minate or inferential. 

Consider now a given strong tie of ego. The probability that a 
job opportunity is passed from this particular contact to ego is 
the probability that the contact in question hears of a vacant job 
(a), does not need this job himself (1 - p),  and actually passes 
the job to ego rather than to some other needy strong tie. For 
the moment, call this last probability a. We shall later compute 
a explicitly (eqs. (7) ff., below), but for the moment it is 
sufficient to note that on the uniformity assumption a will be the 
same for all strong contacts of ego. Thus one may write 

Actually, the validity of (5) involves the additional assump- 
tion that strong ties are outbred (i.e., there is a negligible likeli- 
hood of "inbred" triads where a is a strong tie of b and b is a 
strong tie of c and cr is also a strong tie of c) .  In particular, if 
there is nonzero inbreeding of ties, then one cannot write Qs in 
(5) as a simple product of S independent factors. Taking later 
purposes into account as well, we embody this assumption as a 
special case of the following general statement: 

Absence of triads: There are no triads (A, B, C) in the 
network such that A is a contact of B, B is a contact of C, and A 
is also a contact of C, where each "contact" may be either 
strong or weak. 

The particular part of this assumption needed for (5) then 
amounts to ruling out the special case where all ties among A, B, 
and C are presumed strong. There is no question that this 
explicit rejection of positive inbreeding among strong ties is a 
limitation on the present model, in view of the many sociometric 
studies verifying existence of positive transitivity biases in em- 
pirical social networks.'O This difficulty may be partially re- 
solved in a manner familiar to economists if the actors in the 
network are taken to be households rather than individuals, 
hence factoring out at least the inbreeding effects of close kin 
ties.21 

Now turn to weak ties and perform an analogous calculation. 
On similar assumptions, one obtains 

'IJ See, for example, Rapoport and Horvath [56], Rapoport [55], Holland and 
Leinhardt [311. Davis [20]. See also Landau [38] These sociometric studies 
should be noted as differing from the present model in that they d o  not assume 
that symmetry is necessary or even typical (e.g., Rapoport and Horvath j.561, p. 
279. etc.). 

" The extent to which the inbreeding assumption is valid depends greatly 
on context. Thus in a classical study (1957) on conjugal acquaintance networks. 
Bott [I21 has found strong class differences in whether husband and wife share 
the same close friends. 

A different line of development of the present model might take organiza- 
224 SCOTT .A. BOORXIAN tions rather than individuals as the actors (e.g., Levine [41]). 



where R is analogous to u, but now applies to needy weak ties 
rather than to needy strong ties. The quantity (1 - p)S enters 
into (6) through the action of Clause (b) of the priority rule, 
since no weak tie will receive a job from any ego if some strong 
tie of this ego stands in need of the job. 

It might be argued that inbreeding tendencies should pose 
fewer difficulties for (6) than for ( 5 ) ,  since the close associations 
which make strong ties likely to be transitive are much less 
likely to be operative for weak ties. However, a different kind of 
inbreeding may come into play if people have so many weak ties 
within some categorical grouping of the population (e.g., work- 
ers in a given profession) that the number of ego's weak ties 
begins to be on the same order as the total population in the 
category. This situation may again lead to positive inbreeding 
through a version of the small world effect.22 

To complete the formal description, it now remains only to 
express u and R in terms of parameters drawn from the basic set 
(T, A ,  6 ,  p) .  This may be done quite simply through the follow- 
ing combinatorial calculation. 

Assume that ego is in a set of .\- people, that ego needs a job, 
and that p is the probability of any given one of the remaining 
x - 1 people also being in need of a job. Assume also that 
exactly one job is to be assigned to some needy person in the 
set, and that if more than one person is needy then the job will 
be allocated at random among those people needing it [see Fig- 
ure 21. What is the probability that ego will get the job? 

This probability is clearly (I)  the probability that none of the 
other x - 1 people will need the job (in which case ego will 
certainly get it), plus ( 2 )  the probability that ego will get the job 
if a set Y # 4 of the other people also need it, summed over 
possible sets Y with appropriate probability weights. Formally, 

Table 1 reports sample values off7(,\-). Note that for continuity at 
x = 0 one has 

by 1'Hospital's rule. 
Returning to u and R, it is clear that one has 

Note that both quantities depend on p only. 
We may now use (4)-(10) to pose a well-defined maximum 

problem. Specifically. with parameters (T, A ,  6. p ) ,  and with the 
linear constraint ( l ) ,  the problem is to maximize P given by (4) 

" See Travers and Milgram [661 and White [76]. See also Pool and Kochen 
1541 for general calculations. 
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FIGURE 2 

ACTION OF THE PRIORITY RULE 

(a) PRIORITY HIERARCHY 
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(b) ASSIGNMENT RULE WITHIN A GIVEN 
LEVEL OF THE PRIORITY HIERARCHY 

as a function of S (equivalently, as a function of W, since S and 
W are related linearly). 

This may be called the symmetric group-optimum problem 
for the present model (of course, we do not yet know that a 
solution to this problem will be unique, although this will later 
be apparent from the numerical analysis in Section 4 as well as 
from supporting analytic results in Section 5) .  As already 
stressed, this problem as posed assumes a network where 
everyone possesses identical breakdowns as between strong and 
weak ties. It is possible that the symmetric group-optimum may 
not be a Pareto optimum in the sense earlier specified; 
specifically, this symmetric optimum may find itself dominated 
by a network configuration where ( S ,  W) is not uniform. More 
probable is that there are additional Pareto optima lying off the 
diagonal, i.e., in regions where there is individual variability in 
choice of strategy. Ne: ertheless, only the symmetric group- 
optimum problem as posed well presently be considered. Note, 
however, that a general converse is valid: if a particular solution 
(S, W) is not a symmetric group optimum, then a uniform net- 
work with these connectivities will certainly not be Pareto opti- 
mal. 

PROBABILITY THAT THE 
jOB WILL BE ASSIGNED 

TO x,. ij=1,2,. . , q )  

1 
q 

SET OF SUBSET OBTAINED BY CHOOSING 
EACH CANDIDATE WITH 

PROBABILITY CL ( => <q> = p p )  

. 
X . 



TABLE 1 
1 - I1 -PIX 

TABLE of f ( x )  = SEE TEXT FOR INTERPRETATION. 
OBSERVE MONOTONICITY AND CONVEXITY. f ' <  0. f " >  0. CLEARLY f (x) -0 
AS x- m , THOUGH THE APPROACH IS QUITE SLOW I F p  IS SMALL. ENTRIES 
ARE ROUNDED TO THREE FIGURES. 

Before moving on to define stability, it is useful to make a 
comment on the symmetry of ties which we have been assuming 
(i.e., a is a strong contact of b @ b is a strong contact of a ,  and 
similarly for weak ties). 

Assume a network which is not in general symmetric (in 
graph theory, such a network is often called a digraph). The 
edges of a digraph are then in general directed and are some- 
times called arrows to emphasize this directional quality (see 
Figure 3 below for illustrations). It is clear that the only essential 
feature of symmetry which we have used formally is that any 
ego should have as many strong (respectively weak) contacts as 
there are individuals of whom he is a strong (respectively weak) 
contact. In graph-theoretic language, this stipulation simply re- 
quires that 

indegree = outdegree (for both strong and weak ties) 

at all points, where the indegree is defined to be the number of 
incoming arrows and outdegree is the number of outgoing ar- 
rows. 

The usefulness of this generalization, however, is greatly 
limited by the artificiality of the indicated restriction except in 
the case where ties are symmetric. 

Still continuing to set up the model, we now address the 
question of what network structures correspond to stable 
equilibria, in the Nash point sense that no individual will be 
motivated to alter his allocation of ties, taking everyone else's 
behavior as parametric. We write down criteria for local stability 
of a network under individual maximization of P in (4), i.e., 

3. Stability under 
lndivldual 

maxim izatlon 
O P T l h l 4 L  

T R A N S M I S S I O N  
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criteria for local stability in the space consisting of all possible 
networks. We continue to restrict consideration to the case 
where all individuals possess uniform (S, W) breakdowns, and 
for the purposes of stability investigation allow only one indi- 
vidual to deviate from this common choice. 

Specifically, we shall assume that a single individual may 
temporarily shift his strong-weak tie balance without affecting 
the existing balance of other members of the population. In 
order to do this while still retaining consistency in the account- 
ing, it is necessary to deviate slightly from the idea that all ties 
are symmetric. Thus in describing temporary ("out-of- 
equilibrium") adjustments by ego. we assume that ego may set 
up certain one-way contacts, in whom he invests time andfiom 
whom jobs may flow to ego, without the reverse being the case. 
(See Figure 3.) 

FIGURE 3 

TEMPORARY ASYMMETRY IN  PATTERN OF CONTACTS, RESULTING FROM A CHANGE IN STRATEGY 
BY EGO WITH STRATEGIES OF A L L  OTHER INDIVIDUALS BEING HELD FIXED. THE PARTICULAR 
CHANGE IN STRATEGY SHOWN IS THE CONVERSION BY EGO OF A SINGLE STRONG TIE INTO 
THREE WEAK TIES iCORRESPONDlNG TO h =31. 

DISCUSSION: 
BEFORE EGO'S CHANGE IT IS PRESUMED THAT A L L  INDIVIDUALS HAVE 2 STRONG AND 1 

WEAK TIE S (+T=7 IF A = 3 ) .  EGO NOW CHANGES HIS FORMER STRONG TIE WlTH C (SHOWN 
BY BROKEN LINE) INTO A WEAK TIE WlTH C AND WEAK TIES WlTH D AND E. FOLLOWING 
THE CHANGE, THEREFORE, INDIVIDUALS D AND E NOW HAVE 2 WEAK AS WELL AS 2 STRONG 
INCOMING TIES. AS LONG AS I T  IS ASSUMED THAT A L L  THE WORK OF MAINTAINING THE 
NEW WEAK TlES IS THROWN ON EGO, THERE IS NO VIOLATION OF ANYONE'S TIME BUDGET 
CONSTRAINT GIVEN BY i l l ,  AND CONSISTENCY IS PRESERVED. 

Let a uniform breakdown (s, W) be given and let p be 
defined from (2)-(3). Assume for the moment that 3 and w are 
both strictly positive; the question of endpoint stability (3 = 0 or  
w = 0) will be handled separately below (Cases 3 and 4 ,  respec- 
tively). Also, we shall treat separately the case where ego con- 
siders increasing the number of his weak ties (Case 1) from that 
where he considers decreasing this number (i.e., choosing more 
strong ties) (Case 2). 

Case 1: If ego elects to choose more weak ties, let W be the 
number so chosen (W > w), and let 

where p is given by (2)-(3) and p is defined similarly using 
(3, W). Each of the set of (B - p)T individuals who are new 
weak ties of ego will now have W + 1 incoming weak ties. (See 
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For ego, P = 1 - QsQ,., where now 
Qs = ( 1  - y f ( s ) ) g - ( b - f l ) ~ l ~  (12) 

Qw. = ( 1  - y [ l  - p ] ! f ( ~ ) ) ' ( l  - y[1 - p ] ' f ( ~  + l))'8-fl)T, (13) 

where 
y = S ( 1  - p ) .  

The prevailing breakdown (s ,  W )  will then be unstable (with 
respect to an increase in weak ties) just in case 

Note by uniformity that if (16) holds for any ego it will hold 
for all individuals in the system. Also, if the system is unstable 
with respect to the proposed weak tie increase, the (15) indicates 
that the separate propensity of each individual will be to go to 
the all-weak tie (S = 0 ,  W = T )  extreme. However, since not 
everyone will change instantaneously or at the same rate, this 
outcome may not actually occur; also, fixation at all weak ties 
may itself not be stable (see Case 4 below). Little more can be 
said at this level of generality without introducing explicit period 
dynamics. 

Case 2: Now consider the opposite case, where ego considers 
choosing more strong ties, P > b .  Note that if (P - B)T weak 

T ties are lost, then only (P - b) - strong ties will be gained, be- A 
cause of the scaling action of A. Then, under the proposed 
strategy change, Qs and Qw become 

The configuration (3, W )  will be unstable with respect to ego's 
increase in number of strong ties just in case 

Observations parallel to those in Case 1 apply also to  the 
present case; in particular, instability of (s ,  W) with respect to 
strong tie increase will imply a propensity to go to the all-strong 
tie extreme (W = 0 ,  3 = TIA). 

Combining, we see that an interior configuration (3, W )  
(3, w # 0 )  will be stable under uncoordinated individual opti- O P T I M A L  
mizing behavior if and only if < holds in (16) and (20) simultane- T R A N S M I S S I O N  

ously, i .e. ,  just in case OF JOB I N F O R M A T I O N  229 



1 - Yf(Q < {l-y[  1- p l f (  + 
(21b) (214 { 1 - 711-plY(W)j" 1-yf(3 + I). 

In the absence of the corrected counting using asymmetries (see 
Table I), one would have "W+ 1" in (21a) replaced by "W" and 
similarly "S+ 1" by "S" in (21b). Then (2la) and (21b) would be 
mutually inconsistent and (internal) stability would be impossi- 
ble. 

Since the conditions in (21) are both inequalities, the range of 
>(respectively of W) on which they jointly hold is topologically 
open. Thus if any stable equilibria exist, one may expect a 
corztin~rurrz of stable equilibria if S is regarded as a continuo~rs 
variable. This is reminiscent of similar inaeterminacies in a job 
market model of S p e n ~ e . ~ ~  The fact that in the present interpre- 
tation both > and w must be integer-valued obviously reduces 
this multiplicity and makes finite the set of possible stable 
equilibria. However, we shall see in Section 4 that multiple 
stable equilibria may in fact occur. 

Case 3: A similar analysis shows that a network 
configuration where all ties are weak (S=O) will be stable if and 
only if 

{I-yf(T)j* 1 - yf(1) 1 - y .  (22) 

Specifically, (22) follows from ignoring (21a), which is not relev- 
ant to the present case since W is already at its greatest possible 
value, and substituting S=O into (21b). 

Case 4: A W=O (no-weak-ties) network will be stable if and 
only if 

This last expression follows from (21) by ignoring (21b) and 
T substituting S = - into (21a). X 

This completes the statement of the stability conditions, but 
several interpretive comments are in order. First, it is apparent 
that (21)-(23) have been constructed on a close analogy with the 
Nash equilibrium concept in game theory.24 In particular, the 
present stability definition follows the Nash concept in that it 
assumes that no coalition formation is possible, thus excluding 
"blocking" phenomena such as occur in the theory of the 
core.'j Also, it is assumed that each individual acts to maximize 
his own P without altruism for other  individual^.^^ This assump- 
tion is another reason for assuming preliminary aggregation into 
households or similar units, and developing the present model 
with households as actors (as was suggested in a different con- 
text in Section 2). 
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2 3  In [61]. 
" See note 11 for a detailed definition, following Luce and Raiffa [46]. 
2 3  See Debreu and Scarf [?I] .  
' W e n c e  ruling out phenomena of the kind investigated by Hamilton [30], 

Kropotkin 1371, and Trive1.s [67]. 



We report in outline the main results of numerical investiga- 
tions on the location of the symmetric group optimum (SGO) 
and stable e q ~ i l i b r i a . ~ ~  Table 2 introduces the format within 
which we discuss the typical behavior. Specifically, the rows of 
each matrix record the common number of strong ties held by 
each individual. This number ranges from 0 to x, which in the A 
Table 2 parameter case is 10. The columns are reported for 
values of the parameter p, ranging from 0.01 to 0.1 (inclusive). 
In the example shown, the parameters (T,A,6) are fixed at (100, 
10, 0.05). The choice of T(= maximum feasible number of weak 
ties) is unfortunately largely arbitrary. An unpublished study of 
Pool and Kochen2* has estimated that the number of individuals 
personally k ~ o w n  to the average American is in the range 
500-2000. However, this statistic is not a hard one, and in 
particular reflects inclusion of individuals who have been known 
at some time in the past, as well as presently active social ties. 
The initial choice of A =  10 will later be varied. Setting 6=0.05 is 
consistent with qualitative restrictions implied by the one-job- 
one-informant assumption. 

Note that in the matrices shown p is chosen to range from a 
lowest value which is substantially less than 6 (p  = 0.01) to a 
largest value of 26 ( p  = 0.10). In the first case, one would expect 
a significantly nonzero equilibrium number of vacancies, while 
in the second case there is a much greater demand for jobs than 
supply of vacant jobs, and any vacancies persisting over several 
periods in this latter case would do so merely as a result of 
"frictional" inefficiencies in the information dissemination 
mechanism. 

The first matrix 9 in Table 2 now reports P rounded from 
below to two figures under the indicated combination of 
parameters and strong tie choices. The absolute sizes of P illus- 
trated by this matrix are to  be taken as purely illustrative and 
could be drastically changed by changing T and A (on which, as 
we have already indicated, little hard information is available). 

Next, a row vector of length 10 reports for each column of 9 
the row position of the column maximum, computed on the 
basis of the true (not the rounded) value of 9. Because the 
rightmost columns of 9 are very nearly constant, this informa- 
tion cannot be directly inferred from 9 itself as reported. Fi- 
nally, the third matrix ( 2 )  reports stability under (21)-(23): 

Z(i, j )  = 1 @ (S, W) corresponds to a stable equilibrium, 
with W = T - XS, S and p being determined 
from i and j, respectively. (24) 

From Table 2 it is apparent that S = 0 (all weak ties) is both 
the group optimum and stable over much of the p range shown, 
specifically p = 0.01 to p = 0.06 inclusive. As p continues to 
increase, however, the group optimum starts to travel away 
from S = 0, reaching S = 5 when p = 0.1. Nevertheless, the 
all-weak-ties (S = 0) choice remains a stable equilibrium (in fact 
.- . - - -- - - - -. - - 

2 7  The SGO u ~ l l  also be called s~rnply the group optrmur?7, aluays ~ ~ t h  the 
undetstandlng that the u n ~ f o t m ~ t y  assumption holds 

?"n [54] 
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TABLE 2 
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NUMERICAL BEHAVIOR OF THE MODEL FOR ( T  , h  ,8 )  = (100. 10.0.05). 
p =  0.01 TO 0.10 BY INCREMENTS OF 0.01. ENTRIES OF THE MATRIX 
M ARE SHOWN ROUNDED BELOW TO TWO FIGURES, i. e, M(i,j) =O.O1 X 
[LEAST INTEGER IN 100 X ~ ( i , j ) ] ,  WHERE P(i,j) IS THE APPROPRIATE 
VALUE OF THE TARGET FUNCTION (4). 

a unique stable equilibrium) until p i s  increased to 0.1, at which 
parameter value equilibrium remains unique but now shifts i t s  
position to S = 1. 

We again call attention to the near-constancy in P as a 

(S=O) 

P = ( S = 5 )  

(S=lO) 

S. G. 0 . :  

Z ,  = 

X 2 =  

Z = 

THE 
CONVENTION BECAUSE THE CRITERION IS VACUOUSLY SATISFIED 
(NO FURTHER INCREASE IN WEAK TIES IS POSSIBLE UNDER THE 
TIME-BUDGET CONSTRAINT). 
A SIMILAR CONVENTION IS FOLLOWED IN REPORTING THE LAST 
ROW OF Z 2 .  

(p= 0.01 ) ( p =  0.05) ( p =  0.10) 

0.95 0.88 0.78 0.69 0.61 0.54 0.48 0.43 0.39 0.36 
0.95 0.87 0.78 0.69 0.61 0.54 0.48 0.43 0.39 0.36 
0.94 0.86 0.77 0.68 0.61 0.54 0.48 0.43 0.39 0.36 
0.92 0.85 0.76 0.68 0.60 0.54 0.48 0.43 0.39 0.36 
0.90 0.83 0.75 0.67 0.60 0.53 0.48 0.43 0.39 0.36 
0.88 0.81 0.73 0.66 0.59 0.53 0.48 0.43 0.39 0.36 
0.84 0.77 0.70 0.64 0.58 0.52 0.47 0.43 0.39 0.36 
0.79 0.73 0.67 0.61 0.55 0.50 0.46 0.42 0.39 0.35 
0.71 0.66 0.61 0.56 0.52 0.47 0.44 0.40 0.37 0.35 
0.58 0.54 0.51 0.48 0.45 0.42 0.39 0.37 0.34 0.32 
0.38 0.36 0.35 0.33 0.32 0.30 0.29 0.28 0.26 0.25 

1 1 1 1 1 1 3 4 4 5 

1 1 1 1 1 1 1 1 1 1  
0 0 0 0 0 0 0 0 0 1  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  
o o o o o o o o o o  
0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  

1 1 1 1 1 1 1 1 1 0  
1 1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 1 1 1 1  

1 1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 1 1 1 1  
1 1 1 1 1 1 1 1 1 1  

1 1 1 1 1 1 1 1 1 0  
0 0 0 0 0 0 0 0 0 1  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  

(SYMMETRIC GROUP OPTIMUM) 

h " 
(Xl[i,j]=l<=>(S,W)=(lOi,T-1OAi) 
IS STABLE WlTH RESPECT 
TO INCREASE IN W)" 

A A 

( ~ ~ [ i , j ] = l < = > ( S , W ) = ( l O i . ~ - l O h i )  

IS STABLE WlTH RESPECT 
TO INCREASE IN S) 

( 2  [i, j] = Z 1  [i, j] A Z2  [ i ,  j ] )  

ENTRIES IN THE FIRST ROW ARE SET EQUAL TO 1 BY 



function of S except when p is quite small. The main deviation 
from this near-constancy occurs when S approaches its max- 
imum value (e.g., see the last column of B in Table 2). Substan- 
tively, this finding suggests that the strong-weak tie distinction 
becomes progressively less important as p increases; we shall 
give a fuller, analytic account of this phenomenon in Section 5. 

Table 3 retains the same (T,X,6) choices and continues the 
investigation over the range p = 0.09 to 0.9 by increments of 
0.09. With this extended range come several new developments. 
The group optimum ceases to bear any close relation to the 
stable equilibrium; this optimum appears to follow a U-shaped 

TABLE 3 

AS I N  TABLE 2, WITH /.L NOW RANGING FROM 0.09 TO 0.90 BY 
INCREMENTS O F  0.09. INTERPRETATION O F H i  IS ANALOGOUS TO TABLE 2. 

O P T I M A L  
T R A N S M I S S I O N  
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curve, swinging down as far as S = 7 for p = 0.18 and then 
gradually back up to S = 2 for p = 0.9. From later examples we 
shall see that this pattern of behavior is typical; in Section 5 it 
will be shown that the group optimum in fact actually returns to 
S = 0 as p -+ 1. For large p, however, all S values lead to 
virtually the same value of P, so that in this range the location 
of the actual optimum is primarily of formal interest. 

For all values of p depicted in the Table 2 and 3 examples, 
there is at most one stable equilibrium. However, no stable 
equilibrium at all is apparent for p = 0.27 (see third column of 
9), at least as long as S is constrained to remain integral. (Of 
course, as we have already made clear, this proposition applies 
only to the situation where everyone chooses identical [S,W] 
breakdowns, and in no way rules out the possible existence of 
one or more stable equilibria in a system where there is indi- 
vidual variability across S and W.) Ignoring the exceptional 
point p = 0.27, however, a pattern begins to emerge. 
Specifically, superimposing the stability matrices in Table 2 and 
3, it is apparent that the stable equilibrium is tracing out a curve 
of roughly logistic shape. For p = 0.09 the equilibrium is at S = 
0; for 0.09 6 p < 0.36 the equilibrium travels rapidly in the 
direction of increasing S ;  above p = 0.36 (in the spacing shown) 
the equilibrium is now fixed at S = 10, i .e. ,  no weak ties. 

Space here does not permit the reporting of more extensive 
examples; more detailed numerical results will be reported else- 
where. The main effect not caught in the example just concluded 
is the possibility of mc~ltiple adjoiizing .stable equilibria. For 
example, if (T,h,6) = (10,2,0.05), then p = 0.18 leads to multi- 
ple stable equilibria at S = 2, S = 3, and S = 4. 

In general terms, the results of numerical investigation may 
thus be summarized as follows: 

(1) For small p ,  S = 0 is a unique stable equilibrium and 
symmetric group optimum. 

T (2) For p near 1, S = - is a unique stable equilibrium, but h 
is not a group optimum. This type of situation is, of course, 
familiar from many situations where externalities are present, 
and in particular in the economic theory of in format i~n . '~  (In 
this connection, it should be noted that P in (4) automatically 
involves externalities in a strict formal sense," since P evidently 
depends on the (S, W) choices of all ego's contacts.) We shall see 
that the position of the actual group optimum again approaches 
S = 0 as p -t 1. However, from any practical standpoint, P = 
P(S) is very nearly independent of S for large p,  and hence the 
location of the formal group optimum is largely irrelevant (any 
complication in the model would undoubtedly swamp out the 
very slight dominance of the formal optimum in this case, ren- 
dering its position highly unstable to random fluctuation and 
other slight changes in the specification of the system). 

(3) As p increases from 0 to 1, the initially stable equilibrium 
at S = 0 will start to travel through increasing values of S, finally 

2!i See Arrow [3]. 
23-1 ' SCOTT 4. B O O R M A N  3u That is, following Buchanan and St~lbbleline [I51 



reaching S = TIA and remaking there for p above some critical 
value. In the intermediate range of p ,  there may be no stable 
equilibrium for a given p value, or there may be a multi- 
plicity of stable equilibria adjoining one another. 

In this connection, however, it should be noted that we do 
not find situations where there are two (or more) separated 
(nonadjacent) stable equilibria, at least in the class of uniform- 
connec;ivity networks which have been investigated. In particu- 
lar, it does not appear to be possible to have simultaneous 
stability of all-weak and all-strong networks, which in t:lrn 
would lead to the possibility of a "tipping" phenomenon like 
those explored by Schelling in a number of models involving 
choices with externalities . 3 1  

(4) As p ranges from 0 to 1. the group-optimal value of S will 
initially increase, reach a maximum, and then travel back to 0 as 
p approaches 1. There is no apparent general relation between 
the qualitative features of this behavior (e.g., the value of p = 
pmax for which the maximum S in the group optimum occurs) 
and the stability behavior of the system. In particular, ha, 
bears no clear relation to zny inferred inflection point on the 
logistic-like curve of stable equilibria. 

B Exploring the generalizations just advanced, an analytic 
treatment will now be given for extreme values of p .  

First, consider p =e 1. Write 

e = 1 - P = exp(Sqs+Wq,,), 
cis = ln( l  - yf[SI) 
qri. = -741 - pIFf[WI). 

Maximizing P is then equivalent to minimizing 

As p -t 0, and using the definition of y in (14), q, and q ,  will 
both approach ln(1-6); thus minimizing G(S) is equivalent to 
maximizing S + W, i.e. ,  total number of contacts. Since A > 1, 
this implies that S = 0 is the group optimum. 

This argument readily generalizes to enable one to show that 
S=O is in fact a general group optimum in thc present small-p 
case. even lifting all restrictions tlzat everyotze choose the same 
(S,W) pair (i.e., removing the uniformity assumption under 
which we have been operating throughout). To  within O(p), one 
can then write in general 

where ego's strong contacts are now numbered from 1 to S and 
his weak contacts from S + 1 to S + W, and we are letting 

SO') = number of strong ties of man j 
W(k) = number of weak ties of man k 

3 1  For  example. Schelling [58]; compare also the population genetic models 
developed in Boorman and Levitt [ I  11 and Boorman [ lo] .  
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(S =SO') and W= W(k) are no longer being assumed constant.) 

Letting p -+ 0 for fixed x in (7) leads to 

Substituting in (26) leads to an equivalence between maximizing 
P and minimizing 

From this representation follows immediately that all weak ties 
S = 0 is a (unique) global optimum over all possible network 
structures. Intuitively, this conclusion holds because, by allow- 
ing p to become very small, we are eliminating any asymmetry 
between Qs given by (5) and Q,. given by (6), e.g.,  as contrib- 
uted specifically by (1 - p)S in (6). In substantive terms, the low 
rate of becoming unemployed insures that one stands little to 
fear from the possibility that strong ties of one's own weak ties 
will gobble up jobs; the advantage of having strong ties oneself 
therefore becomes negligible, and one should simply try to max- 
imize total number of contacts by investing in weak ties only. 

From (22) clearly follows stability of S = 0, since p < 1 
implies that (22) reduces within O(p) to 

which is trivially valid for A > 1. Also, it can be shown simply 
that no other choice of S leads to a stable equilibrium for small p, 
using (21) and (23). 

Next, consider the case p - 1, i .e. ,  1 - p <. 1. Then y -t 0 
and one has 

to within O(y2). Maximizing P is then equivalent to maximizing 

Substituting the constraint (1) in (31) and simplifying, we find 

so that H(S) L and the maximum occurs at S = 0. This verifies 
formally what Table 3 has already suggested, namely, that the 
location of the group optimum again travels toward S = 0 (all 
weak ties) as p -t 1. 

We can also derive the near-constancy of the columns of the 
9 matrix for varying S as p becomes large. This derivation 
may be performed in various ways. For the present, we simply 
calculate the behavior of the ratio. 

Q(al1 strong) 
Q(al1 weak) ' 
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using notation introduced above; this may now be simplified to 
give 

exp yT(flT1 - tf [ T ~ A I  (3.5) 

Note that the quantity within parentheses in (35) always has 
absolute value s 2 ,  approaching 0 as p -+ 1. Expanding f(,u) 
about = 1 ,  one obtains finally 

,,pj 8[1 - a1 
P 

and this quantity obviously approaches 1 very rapidly as p + 1. 
Next, consider stability for p -+ 1.  Specifically, (23) indi- 

cates stability for W = 0 if and only if 

e - --- I < d l ) ,  pTiA 

which is obviously true. Hence for p + 1 fixation at all strong 
ties will be at least locally stable. 

The S = 0 system, on the other hand, will be stable just in 
case 

to within O ( y ) ,  

which is evidently false for p near 1 as long as it is feasible to 
have any strong ties at all (A G T). Under these conditions, 
S = 0 is always unstable for p -+ 1. 

In this connection, however, one further comment should be 
made. Consider the endpoint stability conditions (22) and (23).  
One may consider not only whether or not stability holds for 
given parameters, but also something like a measure of the 
degree of stability prevailing. A natural measure in each case is 
L.H.S.  - R.H.S. For example. if (22) holds then the measure 
proposed would be 

and analogously for (23).  
For this fresh standpoint, an interesting difference now 

emerges between the p -+ 0 and p + 1 situations. Specifically, 
in the p -+ 0 case we have already found S = 0 to be stable and 
(39) in this case becomes 

to within O ( p ) .  When p + 1 ,  the analogous measure of S = TiA 
stability obtained from (23) is 

OPTI'VIAL 
TRAUSXllSSlON 
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[see the calculations above leading to (37)l. In  this second case 
4 -+ 0 as p + 1 .  Thus even though S = 0 is formally stable for 
t . ~  + 1,  this formal stability will become more and more nominal 
as p actually approaches 1 ,  rendering the system progressively 
less likely to be actually stable under the impact of random 
shocks as well as minor systematic effects not incorporated in 
the present model. This point parallels the near column- 
invariance holding in 9 as p -+ 1,  but not as p -+ 0. The impli- 
cation is that when p becomes large it is appropriate to think of 
the present model as becoming more and more indeterminate in 
behavior; apparent behavior derived from formal stability and 
optimality analysis is likely to be more nominal than real. 

We next give a few notes on the behavior of the present 
model when the objective function is changed. First, consider 
the behavior when this function is the expected number of job 
offers, rather than the probability of receiving at least one job 
offer [as in (4)]. 

Holding all other assumptions as before, the new target func- 
tion is now 

Simplifying, one obtains 

which is readily seen to be decreasing as a function of S .  It 
follows directly that J is maximized at S = 0, i .e. ,  the symmetric 
group optimum will now alttlays be located at all weak ties. 

One way of looking at the difference between J in (42)-(43) 
and P in (4) is in terms of the extent to which individuals are 
risk-averse.32 The function (4) is an extremely conservative 
target function in its explicit emphasis on averting the possibility 
of having no job at all. In contrast, ii" individuals maximize J 
they will in general have a somewhat greater selection of job 
offers from among which to choose, at the expense of failing to 
minimize the likelihood of having none at all. 

As a second example, consider a system where individuals 
now try to minimize the expected time that they will remain out 
of work. On the supposition that all parameters (T,h,6,p) remain 
fixed over time, as well as S and W,  this minimization involves 
the following calculation. Recall first that P is the conditional 
probability that ego will get a job through contacts, given that he 
is out of a job and that he does not hear of a job directly. Given 
that ego starts out unemployed at the beginning of period 0, the 
expected number of periods that he will be unemployed is given 
b Y 
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where we have used the fact that 

It is clear that (44) is a strictly monotone decreasing function of 
P. Hence maximizing P will be strictly equivalent to minimizing 
the expected duration of unemployment, and the alternative 
target function (44) will thus give rise to no new behavior. 

However, this reassuring conclusion conceals a subtle 
difficulty. Specifically, the argument just given starts from the 
premise that men who are out of work will try to remain in the 
system until they get a new job. Assume that the system starts 
at full employment and with no vacant jobs. Then at the end of 
the first time period (or equivalently, at the beginning o f t  = 1) 
there will in general be a nonzero proportion of men out of 
work. All of these men, in addition to any who are thrown out of 
work with probability p at the beginning of time t = 1, will be 
searching for jobs at time f = 1. The implication is that the 
prevailing p cannot remain constant, on the very supposition 
which underlies the adoption of minimum waiting time as the 
prevailing target function. By contrast, in the earlier model 
where (4) is the target function, it is quite easy to assume 
conslant parameters and still maintain consistency. Specifically, 
this can be effected by ass:lming that men who are unemployed 
through one time period will leave the system. There will then 
be no backlog of unemployed individuals at the beginning of 
each fresh time period. (Actually, in order to complete a rigor- 
ous account, it is also necessary to make the symmetric assump- 
tion for jobs, namely, that jobs remaining vacant for one time 
period are abolished. In this way, a parallel difficulty does not 
arise with the parameter 6.) 

The subtlety we have indicated may be summarized as an 
inherent tendency for p (and 6) to change as a function of time, 
unless held exogenously constant by appropriate departures at 
the end of each time period. It is possible to extend the model to 
give a forma! account of this kind of endogenous parameter 
change. We conclude with a simple illustration. 

Assume a closed population of men, with unemployed indi- 
viduals repeatedly attempting to find jobs and never leaving the 
system. On the other hand, jobs vacant through one time period 
will be taken as abolished; this is a technical provision which 
rules out accumulation of vacant jobs and which thus enables 6 
to remain fixed even though p changes. 

Let m be the probability that a man who is employed at the 
beginning of each time period will lose his job in this time 
period; m is the analog to our old p,  but to prevent any confu- 
sion we shall not employ this latter symbol. The probability OPTIMAL 
process represented by m is assumed to act prior to any activa- TRANSMISSION 
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of individuals who are out of work at the end of the nth time 
period, after all contacts have been activated for this period. 
Then one has 

where 

The first term inside the brackets in (45) represents the contribu- 
tion to +,,+, from men unemployed at the end of the previous 
period (n) who have failed to find work through their contacts in 
period n + 1 .  The second term in the brackets represents the 
contribution arising from men who became newly unemployed 
at the beginning of period n + 1 and who fail to find a job 
through their contacts in this period. Note that Q(z) in (45) is 
evaluated for z = $, + m(1  - +,), since this is the prevalent 
fraction of men who are seeking work through contacts in period 
n .  The factor ( 1  - 6 )  represents the effects of not hearing of a 
job directly. 

Note that f ( r ; z )  is monotone decreasing in z since 

is a sum of terms monotone decreasing in z .  Thus both Qs(z )  and 
QW(z) ,  and hence Q ( z ) ,  are monotone increasing in z.  

F I G U R E  4 

REPRESENTATION OF JOB ALLOCATION PROCESS WlTH $, C H A N G I N G  
E N D O G E N O U S L Y ,  BUT WITH THE P R E V A I L I N G  CONTACT N E T W O R K  H E L D  F I X E D .  
P A R E N T H E T I C A L  QUANTITIES DENOTE TOTAL PROPORTIONS O F  M E N  U N E M P L O Y E D  
AT THE E N D  O F  EACH STAGE. 

A picture of the process underlying (45) is given in Figure 4 .  
The mathematical behavior of (45) may now be analyzed 

straightforwardly. Define a new variable 

x ,  - $I1 + mil-$n) .  (5 1) 

Note that 0 s +,, s 1 implies m s x,, < 1 .  Then (45) may be 
equivalently rewritten 
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P O O L  O F  
U N E M P L O Y E D  M E N  
AT E N D  O F  
TIME n 

($n)  ( b n + m  [I- $,,I) i$,,+m [I-$,! i x  (4n.1) 
Q ($,+m [ 1 - b n 1 ) ( l - 8 )  

- -TIME 

M E N  E M P L O Y E D  
AT E N D  O F  

n B E C O M E  
U N E M P L O Y E D  WITH 
P R O B A B I L I T Y  m 

- 
A L L  U N E M P L O Y E D  
M E N  SEARCH 
F O R  V A C A N T  
JOBS D I R E C T L Y  
A N D  T H R O U G H  
CONTACTS 

S O M E  
U N E M P L O Y E D  M E N  
F I N D  JOBS,  
O T H E R S  D O  N O T ;  
JOBS R E M A I N I N G  
V A C A N T  A R E  
ABOLISHED 

- P O O L  O F  
M E N  

AT E N D  O F  
TIME n+l 



where Q(x,) is obtained from (46)-(49). The main point to note is 
that +(x,,) is strictly monotone increasing, $(0)  = m > 0 ,  
$(I)  = 1 -6(1-m)  < 1. From these properties of $(x,,) it follows 
that there will be at least one point x* at which the graph of 
4(x,,) intersects the 45" line, i.e., which is a fixed point of the 
mapping 4. Also, the least fixed point x" will be stable, since the 
graph of $(x,) will evidently intersect the 45" line from above at 
this point (see also the cobweb diagram superimposed on Figure 
5). Note that we restrict attention to x ,  2 m .  However since 
+(x, = m )  > $(x,  = 0 )  = m ,  the features of the iteration (52) for 
m s x ,  s 1 are as depicted in Figure 5.  

FIGURE 5 

COBWEB DIAGRAM FOR RECURSION (521, SHOWING EXISTENCE OF 
UNIQUE STABLE FIXED POINT x r .  NOTE THAT  WE RESTRICT ATTENTION 
TO x,?m. 

ill = 

Using the fact that the transformation (5 1 )  is linear, one finds 
immediately that the same statements apply to the recursion 
(45). In particular, if the system starts at t=O at full employment 
(no backlog of unemployed men), then $, = (1-6)mQ(m) and 
{I,!J,)",=, will form a monotone increasing sequence converging to 
a fixed fraction $,, 0 < 9 , s  1. This fraction will then be the 
equilibrium proportion of unemployed men at the end of each 
period and (51) with $,, = 4, will give the proportion of the 
population seeking jobs within any period. 

This entire analysis obviously assumes not only that T, A ,  6 
are fixed, but also S and W. Taken in conjunction with the 
earlier stability analysis of Section 4 ,  some interesting pos- 
sibilities emerge. For example, a system starting with no back- 
log of unemployment and a small value of p ( p  *. nnz), may 
remain in stable equilibrium at all weak ties for a number of 
periods. Eventually, however, the backlog of unemployment, 
measured by $,,, may grow to the point where the effective value 
of p may exceed the critical point for stability of an all-weak-ties 
network. Using the analysis of Section 5 as a guide, one may O P T I M A L  
then expect the system to exhibit any of a variety of possible TRANSMISSION 
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6. Discussion 

may exist. This kind of behavior suggests that in the present 
system one must be very careful to differentiate between 
equilibrium in the short run and equilibria over any of a number 
of longer time scales.33 

Stripped to its bones, the present model may be viewed as 
the derivation of one central conclusion from one central prem- 
ise. The conclusion is the preferential choice of weak over 
strong contacts by economic agents seeking to minimize their 
likelihood of unemployment. The premise is the priority rule, 
which enforces a strict hierarchy in the assignment of job infor- 
mation to contacts. As auxiliary premises, it is also necessary to 
postulate quite small p and 6, as well as A = O(10) or greater. 
However, these further parameter restrictions are really quite 
plausible. Also, when 1-p is small, the system evinces more of 
an indifference between strong and weak ties than a preference 
for strong ones. 

I t  is important to realize that the justification of the basic 
conclusion is really very simple, at least when p is small. The 
conclusion should therefore be correspondingly robust, provid- 
ing an anchor for further developments. Specifically, within the 
present model setting, the only reason for ever investing in 
strong ties is the concern that one's weak contacts will be 
preempted by the demands of their own needy strong contacts. 
As p decreases, this contingency becomes progressively less 
important. For small p,  therefore, it is scarcely surprising that 
all individuals should simply try to maximize their total number 
of contacts, irrespective of strength. Since A > 1, this is equi- 
valent to saying that investment will be exclusively in weak ties. 

At the same time, we have also drawn a number of other 
conclusions, whose dependence on specific details of the com- 
binatorics is not so clear. (See conclusions 2-4 at the end of 
Section 4). It is very natural to ask how far these further deduc- 
tions rest on the numerous specific assumptions we have made. 
Any answer to this kind of question depends on an assessment 
of which details of the model are essential and which should be 
removed in a more general formulation. We therefore conclude 
by reviewing a number of directions of further development. 
The first is empirical, while the remainder are chiefly theoretical. 

(1) There is one very interesting piece of empirical informa- 
tion which in a surprisingly direct way supports our main con- 
clusion on the importance of weak ties. This information comes 
from the study of Gran~vetter,~"n which he conducted a sam- 
ple survey of a population of upper-middle-class white-collar 
American professionals. He  asked each man how he had located 
his present job. Not surprisingly, most of his informants said 
that they had located the position through acquaintances, rather 
- - -- - -  - - -- 

3 3  One IS agaln rem~nded of sevelal of the maln Ideas In Leljonhufvud [40] 
The analysls we have glven could also be developed extensively In lelat~on to 
theorles of job rnoblllty, In paltlcular, the vacancy chaln models of W h ~ t e  
[70,71,74] See also Holt and D a v ~ d  [32] 
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than through direct application or through the impersonal 
medium of job placement agencies and similar  institution^.^^ 
Much more startling was a second piece of information: most 
men said that they had located their job through some very 
casual acquaintance-no one whom they presently knew at all 
well or even saw regularly on a social basis.36 Only a strict 
iniiloritj (16.7 percent in Gt~arrovetter's basic classi$cation) re- 
ported tlzat tltey located their jobs tlzrouglz tlze intermediacj of 
close friends or kin. 3 7  One very interesting supplemental finding 
was that the individuals in the sample apparently were quite 
unaware of this general pattern-in noting the role of a weak 
contact, Granovetter's respondents frequently suggested that 
the manner in which they had found their present job was 
somewhat out of the ordinary, an unusual o c c ~ r r e n c e . ~ ~  

It is obvious that Granovetter's conclusions are highly con- 
gruent with the basic prediction derived from the present model. 
On the other hand, one important difference is implicit in the 
observation that Granovetter's weak ties were individuals not 
encountered by ego on any kind of regular basis-this situation 
can at best be indirectly reconciled with the present model 
where a limited time budget provides the central constraint on 
individual maximizing behavior. Also, insofar as individuals ex- 
pressed surprise over the way in which they had located their 
present jobs, a case can be made that there is no optimizing 
behavior underlying "choice" of weak ties in Granovetter's 
situation. As against this, however, it is clear that whatever 
optimizing behavior is present may not be conscious and exp- 
licit. 

The present bare summary does not do justice to the depth 
and range of Granovetter's ideas, and there are numerous other 
topics which he considers which could be usefully reexamined in 
the light of the present model: most notably, the interplay of 
individuals trying to shape careers and of managers trying to 
upgrade personnel and to recruit on an optimal basis. 

(2) Throughout the present model, we have assumed exactly 
two types of ties-strong and weak. An obviously more real- 
istic approach would be to treat the strength of a tie as a con- 

~ . .~ .. . ~ ~ . .  -- 

3 V n  [28], p .  I I ff. This first finding is much in line with earlier studies of 
both blue-collar and white-collar job mobility. See Granovetter [28]. pp. 5-6 for 
a summary. Classical macrosociological studies of mobility (e.g., Blau and 
Duncan [7]) have given little attention to the possible causal role of network 
variables. On the other hand, some of the more recent studies have begun to find 
a role for variables related to intelligence-acquisition through contacts. See,  for 
example, Morgan, Dickinson, Dickinson. et (11. [50]. p. 53. 

3fi Granovetter [28]. pp.  53-54. 
3 7  This finding should, of course, be qualified in several ways. In particular, 

men in real job trouble were more likely to be helped out by close friends than 
by acquaintances (Granovetter [28]. p. 54). This finding is consistent with the 
results of an abortion search study of Lee [39]. In this specialized kind of 
information-gathering. strong ties turned out to play a much more important role 
than they did in Granovetter's setting. This also suggests that confidentiality of 
information may play an important role in determining the prevailing type of 
network. From this standpoint, it would also be of interest to examine the issue 
of insider information in securities markets. and in particular the effects of S E C  
policy in the late 1960s (Cary [16]). 

3 R  [28]. p .  147. 

O P T I M A L  
T R A N S M I S S I O N  
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tinuous variable. In making such an extension, however, one 
must be prepared to generalize the priority rule as well-surely 
it makes no sense to treat all friends of strength x as having 
lexicographic priority over all friends of strength y < x .  This 
line of development suggests a borrowing of ideas from choice 
theory, in particular the v-scale concept of L ~ c e . ~ ~  For exam- 
ple, if a friend of strength x and a friend of strength y both need 
jobs, then one might develop a model where the x-friend re- 
ceived the job with probability where v : ~  

L] (.Y) + v (y) ' 
+ v(x) is positive and monotone in x. 

Going in the opposite direction, one may also try to set up 
similar developments without having to differentiate among 
types of ties at all. An interesting possibility is the following.40 
Assume that one does away with the time constraint T, and 
simply allows each individual to pick a fixed number of friends 
n, 0 < n < a. If ego has a job to give away, assume that he 
assigns this job to any one of his needy friends with equal 
probability. Consider the situation where n is the same for all 
individuals (uniform connectivity network). Then otherwise 
operating under the same assumptions as before, one may com- 
pute 

where f(n;p) is given by (7) as usual. The following conclusions 
will be stated without proof: 

(1) With respect to stability, 12 = a will always be stable 
regardless of the prevailing values of p and 6 .  

(2) As p + 0, n = = is a (unique) symmetric group op- 
timum. 

These twin propositions are analogous to our earlier conclu- 
sion that the all-weak network will be stable and optimal, at 
least if p is small. Actually, in a sense the present model is even 
more favorable to weak ties, since there are no restrictions on p 
for the first (stability) statement to be valid. 

(3) The present line of development has explicitly ruled out 
the study of chaining effects in the transmission of information. 
Thus if ego needs a job, and is assigned two jobs, then one job is 
wasted, rather than being passed on by ego to some other needy 
party. Also, if ego has a job to give away, and none of his direct 
contacts needs it, then the job is also wasted. 

This assumption that information is transmitted in at most 
one stage, without intermediate relaying, is actually strongly 
supported by Granovetter's empirical finding that information 
chains of length two or more accounted for only 12.6 percent of 
his sample." On the other hand, within the present model it is 
clear that there are parameter cases where the decision to ex- 
clude relay and chaining effects will make a substantial and very 
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important difference in model behavior.42 For example, the 
chance that ego hears directly of a job but has no needy friend is 

Depending on the magnitude of this quantity the model will 
behave quite differently according as job information may or  
may not be relayed. 

In this connection, it should be pointed out that the present 
model has been set up in a way which takes no account of any of 
the more subtle aspects of a network topology, e.g., global 
connectivity properties such as studied by Erd'os and R k n ~ i . ~ ~  

The model of Lorrain and White44 is particularly noteworthy 
in the way by which it seeks to take quite complex chaining 
effects in account by operating with the semigroup Boolean 
products of "elementary" binary relationships. Talung this 
standpoint. it is worth noting that the present combinatorial 
model does in a certain sense take into account indirect relation- 
ships at one remove: specifically, each ego is affected, not only 
by the job needs of his friends, but also of his friend's friends. 
However, within the present model it does not appear possible 
to summarize the effect of these indirect relationships in the 
Boolean matrix semigroup terms proposed by Lorrain and 
White. 

(4) There are a number of similarities, as well as some very 
crucial differences, between the present model and standard 
search models in the economics of i n f o r m a t i ~ n . ~ ~  One notewor- 
thy feature of the present line of development is that it deals 
with the strategy of ego before he is out of a job (i.e., the 
strategy of forming networks), rather than the strategy of ego 
after he is out of work. In this respect, the focus of the present 
model is sharply different from that of many standard search 
models where the problem is one of finding an optimal mix 
between a cost of search on the one hand and its possible 
benefits on the other. In turn, the present concern is quite 
separate from that of models involving a satisficing approach to 
bounded rationality .46 

Obviously, actual ex ante strategy, exemplified in the setting 
up of contacts, cannot be separated from choice of ex post 
strategy of job search once unemployed. A more sophisticated 
model should take into account both ex ante and ex post as- 
pects, and in particular might consider a tradeoff between set- 
ting up contacts in advance of need and setting up contacts once 
the need has arisen.47 

( 5 )  It may also be of interest to try to interpret the present 
model along information-theoretic lines, especially if chaining 
effects are allowed. Here, however, the limitations of traditional 

i' Compare White [70]. 
4 3  "I [23]. See also Christies, Luce, and Macy [17]. 

In 1441. See also White [69, 721. 
"j See Stigler [63.64] and Edelson [22]. In a related biological tradition, see 

also Paloheimo [52] and Schoener [59]. 
" In the tradition of Simon [60]. O P T I M A L  
" Compare the distinction of Levins [42] between strategy in "fine-grained" T R A N S M I S S I O N  

environments and strategy in "coarse-grained" environments. O F  JOB I N F O R M A T I O N  , 1 4 5  



information theory readily become apparent, since the present 
setting inherently involves a complex network of possible com- 
munication channels, and there seems no credible reason to 
postulate any simple topology. The question is actually more 
complicated still, since what is really at issue is a problem of 
optimal communications network design, where local optimality 
is being handled in a decentralized way by each actor sepa- 
rately. Even within conventional communications engineering, 
the problem of optimal network design has many very hard 
aspects. Some of the most powerful results are due to 
K l e i n r o ~ k , ~ ~  who has gone far toward solving some of the global 
design problems when the delay-oriented measure of network 
performance is the average time which messages spend within 
the network. Unfortunately, an essential part of Kleinrock's 
development is the assumption that particular messages have 
not only a fixed origin but also a fixed destination. In our present 
job market context, at least the fixed destination assumption 
appaiently must be relinquished, since there is no unique a 
priori recipient for information concerning a given job vacancy. 
This indeterminacy may actually make the present problem 
easier in certain respects; however, it does suggest that 
analogies with classical communications networks should be 
developed with caution. 

(6) The communication network analogy does, however, 
suggest one new idea. This is the possibility that specialization 
may emerge in the present information network, with certain 
individuals acting as "information brokers" for the needs of 
other individuals. To develop this possibility formally, one 
should think about ways of formalizing the "hoarding" of job 
information. One conjectures that information brokers are only 
likely to emerge in some parameter cases, perhaps in a case of 
high unemployment (large p). 

A closely related avenue of development would treat a situa- 
tion where some jobs were obtained through direct application 
rather than through contacts. Likelihood of success in direct job 
applications may well depend on quite different criteria from 
success using contacts. In particular, level of education (or some 
related categorical variable) may be much more important for 
success in direct applications. In turn, one might explore a class 
of models combining the present network ideas with the models 
of S p e n ~ e , ~ ~  which explore the structure of a neoclassical job 
market where potential employees "signal" to employers on the 
basis of observable characteristics like level of education. A 
tradeoff might then be formulated between time invested on 
contacts and time invested on formal signals in the sense of 
Spence. The results would be a new junction between neoclassi- 
cal ideas and network models in a setting Cjob markets) where 
both are obviously relevant. 

- - -- -- - -- - - - - 

" In [36] 
" In [61] 
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